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Heterogeneity plays an important role in the emergence, persistence and control of infectious diseases.
Metapopulation models are often used to describe spatial heterogeneity, and the transition from random-
to heterogeneous-mixing is made by incorporating the interaction, or coupling, within and between sub-
populations. However, such couplings are difficult to measure explicitly; instead, their action through the
correlations between subpopulations is often all that can be observed. We use moment-closure meth-
ods to investigate how the coupling and resulting correlation are related, considering systems of multiple
identical interacting populations on highly symmetric complex networks: the complete network, the k-
regular tree network, and the star network. We show that the correlation between the prevalence of
infection takes a relatively simple form and can be written in terms of the coupling, network parameters
and epidemiological parameters only. These results provide insight into the effect of metapopulation net-
work structure on endemic disease dynamics, and suggest that detailed case-reporting data alone may
be sufficient to infer the strength of between population interaction and hence lead to more accurate
mathematical descriptions of infectious disease behaviour.

© 2019 The Authors. Published by Elsevier Ltd.
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1. Introduction

Heterogeneity is an increasingly important feature of epidemio-
logical models, with spatial structure (Grenfell and Bolker, 1998;
Xia et al, 2004; Viboud et al., 2006), risk structure (Baguelin
et al., 2010; Datta et al., 2018; Rock et al., 2018) and age structure
(Schenzle, 1984; Keeling and Grenfell, 1997; Keeling and White,
2010) widely considered. The incorporation of various forms of
heterogeneity is crucial to capture many important observed epi-
demiological dynamics, such as: clustering of cases, either spa-
tially or in high-risk demographics (Schenzle, 1984); unexpected
endemic behaviour, as heterogeneity breaks down the simple for-
mulation of the basic reproduction number (Keeling and Ro-
hani, 2008); and persistence, where heterogeneity generally acts to
increase persistence (Keeling, 2000; Hagenaars et al., 2004). Het-
erogeneity also has a marked influence on the control of infec-
tious diseases, as a result of increased persistence or driven by
targeted interventions (Keeling and White, 2010; Christley et al.,
2005; Wallinga et al., 2010).
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One modelling framework that can capture multiple forms of
heterogeneity is the metapopulation-type model (Gilpin and Han-
ski, 1991; Hanski, 1998; Hanski and Gaggiotti, 2004), whereby
the population is divided into multiple interacting, or ‘coupled’,
subpopulations, and where within-population interactions typi-
cally occur at a higher rate than between-population interactions.
Metapopulation models usually describe spatially distributed com-
munities, but could also represent risk groups (e.g. high and low
risk) or age groups (e.g. adults and children).

Quantifying between-population interactions is one of the
key challenges of metapopulation infectious disease modelling
(Ball et al., 2014). The individual-level behaviour that determines
such interactions is highly complex and is dependent on social,
cultural, environmental and economic factors (Wesolowski et al.,
2015). Even with access to good data on relevant interactions, it is
unclear how this should translate into a single phenomenological
transmission parameter; current approaches to spatially structured
metapopulation models typically combine theoretical models of
human mobility with highly detailed data. Models of human
mobility characterise the distribution of contacts between popu-
lations based on the population sizes and the distances between
them (Hanski, 1998). The gravity model, originally formulated for
transportation analysis (Erlander and Stewart, 1990), and later
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modified for infectious disease modelling, has been widely used
in combination with commuter mobility data (Viboud et al., 2006;
Balcan et al., 2009), mobile phone data, used as a proxy for human
mobility (Tizzoni et al., 2014; Wesolowski et al., 2015; Kraemer
et al., 2016), or spatiotemporal time series of disease incidence,
where coupling parameters are estimated so that simulated epi-
demics match observed case numbers (Xia et al., 2004). However,
good data on relevant movements between populations are rare,
particularly in developing countries where epidemiological mod-
els are frequently applied. The parameter-free radiation model
(Simini et al., 2012) and variants thereof (Yan et al., 2014; Kang
et al.,, 2015) offer alternative models for human mobility that only
requires the spatial distribution of the population to estimate
coupling. However, comparisons between both the gravity and ra-
diation models, and mobile call data records show that these mod-
els fail to fully describe human mobility outside of high-income
countries, such as in Sub-Saharan Africa (Wesolowski et al., 2015).

The interaction between subpopulations is often represented as
a matrix of transmission rates, where diagonal elements repre-
sent within-population rates and off-diagonal elements represent
between-population rates. When considering P populations, this
matrix has P? elements, which leads to unidentifiability problems
if attempting to estimate parameters from endemic equilibria. On
the other hand, in a stochastic system, the %P(P — 1) pairwise cor-
relations between the levels of infection in pairs of populations
may help to mitigate this unidentifiability, particularly if the trans-
mission matrix is sparse or can be assumed to have some sort of
symmetry. Long-term data on disease incidence is more frequently
available (Olsen and Schaffer, 1990; Grenfell and Harwood, 1997),
from which we can estimate the correlation between epidemics
in distinct subpopulations; then, given an analytic relationship be-
tween the coupling and the correlation, we can infer interaction
parameters.

Whilst computer simulations are commonly used and clearly
useful, analytic results allow us to develop intuition about the
infection dynamics; however, exact analysis of stochastic epi-
demiological models is often mathematically intractable, due
to the nonlinearity of the transmission process. In such cases,
approximation methods may be used to derive results about the
expected behaviour and variability of the infection process. One
such approximation method is a moment closure approximation,
whereby the stochastic system is approximated by a deterministic
system of differential equations for the moments (mean, vari-
ance, covariance, etc.). The most commonly used moment closure
approximation, and the one used throughout this paper, is the
multivariate normal approximation, which assumes that third-
order cumulants and higher are equal to zero or, equivalently, that
the distribution of states follows a multivariate normal (MVN)
distribution (Whittle, 1957).

In this paper we derive an approximation for the correlation
between the level of infection in two subpopulations as a function
of the coupling between them. Our results extend the analysis of
Meakin and Keeling (2018) for a simple two subpopulation system.
Using a multivariate normal approximation we derive results for
subpopulations arranged on the complete network, the k-regular
tree network and the star network. We also numerically validate
our model by comparing our analytic approximations to stochastic
simulations. These results also provide some insight into the effect
of metapopulation network structure on network correlations.

2. Methods

2.1. A stochastic endemic infection model for interacting populations
on a general graph

We begin by introducing a simple stochastic SIR model in
a population of size N, with births, deaths, transmission and

recovery. At any time te[0, oo), individuals are in one of three
states: susceptible, infected or recovered. A given susceptible
individual meets other individuals at rate m> 0. We assume that
these encounters are sufficiently close that if the other individual
is infected, then transmission of infection occurs with probability
T and the susceptible individual immediately becomes infected
and infectious to others. We therefore define the transmission rate
be B = mrt. Susceptible individuals can also succumb to infection
independent of contact with infected individuals in the modelled
populations; this occurs at rate € > 0, the external import rate. In-
fected individuals recover from infection at rate y > 0, after which
they become immune to further infection. Susceptible, infected
and recovered individuals all die at rate u > 0, independent of in-
fection status; we assume that a death is immediately followed by
the birth of a susceptible individual, and hence the total population
size remains constant. The basic reproductive ratio, the expected
number of secondary cases produced by a single infectious individ-
ual in a susceptible population, for this process is Ry = 8/(y + ).

We extend the above model to P identical populations of size
N. The assumption that the population sizes are equal is for math-
ematical tractability; a discussion of the effects of relaxing this as-
sumption for P =2 can be found in Meakin and Keeling (2018).
Each population exhibits the same population dynamics as de-
scribed above, plus pairwise interaction between the populations:
we assume that in population i, a proportion o € [0, 1] of an indi-
vidual’s contacts are with individuals in population j. We insist that
> joij=1 and so 0j; =1~ }";0;;. The matrix X = (oj;) therefore
describes the interaction or ‘coupling’ between all possible pairs
of populations, and the force of infection in each subpopulation
depends on the number of infected individuals in all other sub-
populations. Changing ¥ does not change the basic reproductive
ratio, but instead determines the distribution of secondary cases
between the P subpopulations.

We let S;(t), L;(t),Ri(t) € {0,1,2,...} denote the number of sus-
ceptible, infected and recovered individuals, respectively, in popu-
lation i=1,2,...,P at time t>0. As the population size N is con-
stant then S;(t) +;(t) +R;(t) =N,Vt >0,i=1,2,...,P. The tran-
sition rates for the resulting 2P-dimensional Markov chain from
state (Sq, i1, 2,1, ...,Sp, ip) at time t are summarised in Table 1.

The metapopulation structure can be described by a weighted
network G = (V,E) with vertex set V={1,2,...,P} and edge set
E, where edge e = ij has weight o;: the coupling matrix X there-
fore represents the weighted adjacency matrix for the graph G. For
mathematical tractability we restrict our analysis to networks for
which we can derive analytic results, namely graphs that are highly
symmetric; a discussion of the effect of relaxing this assumption is
provided in the Supplementary Information. In the following anal-
ysis we consider the complete network, the k-regular tree network
and the star network. In addition, we assume that oj; = 0, Vij € E.
We note that for k-regular tree network and the star network, the
weighted adjacency matrix X is sparse, that is, most of the ele-
ments are zero.

2.2. Moment closure approximations

Even with constraints on the metapopulation network structure
and the coupling matrix X, an exact analysis of the full stochas-
tic model is mathematically intractable. Instead we consider the
approximate behaviour of the first- and second-order central mo-
ments of the process. The ODE for E[X] can be calculated from first
principles using:
wET[tX] = IE[ Z rate of event x change in X due to event]. (1)

events

Alternatively, these ODEs can be derived from the Kolmogorov for-
ward equation; details of this method can be found in existing
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Table 1

A summary of the transition rates of the 2P-dimensional Markov chain endemic infec-
tion model {(S;(t). Ij(t))g.’:1 :t > 0} from state (s1,i1,52,12,..., sp, ip) with birth/death rate
/> 0, contact rate 8 > 0, external import rate € > 0, recovery rate y >0 and coupling ma-

trix X.
Population Event Transition Rate
j=12,..., P Infection si—>sj—1ij—>i;+1  Bs;j>04i/N +e€s;
Recovery ij—-ij—1rj—>r+1 Vi

Death of infected
Death of recovered

si—=si+ 1L —ij—-1 uj
sji=si+1Lrj—-ri—1

M(N =s;—1ij)

literature on moment closure approximations in infectious disease
modelling (Keeling and Rohani, 2002; Lloyd, 2004).

Due to the nonlinearity of the infection term in the model,
the ODE for an nth-order moment will depend on one or more
(n+ 1)th order moments: to fully describe the stochastic process
would therefore require an infinite set of ODEs. To circumvent this
problem, we use a moment closure approximation, which trun-
cates the set of ODEs at some order. Throughout this paper, we
use a second-order moment closure approximation, which assumes
that third- and higher-order cumulants are equal to zero. As a re-
sult, third- and higher-order moments can be written in terms of
the means, variances and covariances only.

Throughout this paper we will use the following notation for
the first- and second-order central moments:

S; =E[Sj]
I =E[1]
Gs;s; = Cov(S;, S5) = Var(§;)
= Cov(l;, I;) = Var(l;)
Cs;;; = Cov(S;, 1;)
Cs;s, = Cov(S;. S)
Gy = Cov(lj, I)
Cs,1, = Cov(S;. ).

and use X* and G, to denote the first- and second-order moments
at endemic equilibrium, respectively.

For a metapopulation network on P populations, the set of ODEs
approximating the stochastic process has at most 3P2 + 2P equa-
tions: P for each of the two first order moments and P2 for each of
the three covariances. However, for the networks that we consider
in this paper, symmetries in the structure of the network mean
that the number of ODEs is considerably fewer. In some cases we
will simplify the notation: we outline simplifications to the nota-
tion at the start of the results section for each network.

2.3. Deriving an equation for the correlation

In each metapopulation network (the complete network, the k-
regular tree network and the star network), we derive an analytic
approximation for the correlation between the number of infected
individuals in a pair of populations as a function of the coupling
o. We define the correlation between the number of infected in-
dividuals in population i and the number of infected individuals in
population j at endemic equilibrium as:

_ COU(I,‘, Ij) _ Clilj

\/VGT(I,‘)VCIT(IJ') \/C,iIiC,j,j
We derive an approximate equation for the correlation p; by
considering the ODE for the covariance f,i,j at endemic equilib-
rium. We then evaluate our approximation numerically, for which
we need to define a set of base parameters. We utilise parame-
ters for a highly-transmissible measles-like endemic disease in the

Pij

UK (Anderson and May, 1992), although we note that a full model
of measles requires both seasonality (Earn et al., 2000; Rohani
et al., 2002; Grenfell and Bolker, 1995) and age-structure (Schenzle,
1984; Keeling and Grenfell, 1997; Bolker, 1993). We use these re-
sults to consider the effect of both the coupling and network struc-
ture on the correlation.

We also evaluate the accuracy of our approximation by compar-
ing our results to simulations. We simulate the stochastic process
over a 200 year period using the Gillespie algorithm, with a burn-
in period of 50 years, and generate 1000 realisations for each value
of o; the correlation is calculated as a time-weighted Pearson cor-
relation coefficient for 50 <t <200.

3. Results
3.1. The complete network

3.1.1. Network definition and notation

First we consider P identical populations on the complete net-
work, where each population interacts with the other k=P -1
populations: a visual representation of the complete network for
P =3 and P =5 populations is given in Fig. 1. The coupling matrix
X = (0jj) is defined as

g |1 ko, fori=j
Y7o, fori#j.

In the complete network metapopulation all subpopulations are
epidemiologically and topologically identical: epidemiologically in
the sense that all subpopulations are of equal size and have identi-
cal epidemiological parameters, and topologically in the sense that
all nodes are isomorphic within the network and the coupling is
the same between any pair of subpopulations. As a result, the ex-
pected behaviour is the same within all populations, and between
any pair of populations. In our notation, we can therefore drop
dependency on the population and simplify it to the following:
)-( = E[XJ], ny = COV(XJ‘, Y]) and CAXY = COV(X,‘, Yj), i 75 ]

Using the second-order moment closure approximation, and
with these simplifications, the stochastic process on the complete
network can be approximated by a set of eight ODEs: five for the
within-population moments, and three for the between-population
moments. These can be found in the Supplementary Information.
We use these equations in both the analytic and the numerical re-
sults.

3.1.2. Analytic results
For P populations on the complete network, we define the cor-
relation between any pair of populations as

Cx
p=rc
i
and show that this is equal to
o
=— — A, 2
P=tio (2)
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1—20

1—40

<(2) (3

. (0P

Fig. 1. The complete network on (a) P=3 and (b) P =5 populations. The coupling between any pair of populations coupling is o € [0,1/(P—1)] and so the within-

population coupling is 1 — (P - 1)o.

where

_ Ny +p) - BS*

=T g (3)
and

(BF* +Ne)%‘
T BA-0)S Ny + 1)

We derive this result by taking the moment equation for € at
equilibrium and dividing through by 2Cj;/N, following the same ap-
proach as Meakin and Keeling (2018); full details of this deriva-
tion can be found in the Supplementary Information. Moreover, if
A « 1 then we can further simplify the approximation for the cor-
relation to the following expression:

o
P~ };_-_'_ o (5)

We can also use an alternative approximate expression for &
that is independent of §*, which eliminates the need to find the
equilibrium of the 8-dimensional ODE model. Meakin and Keel-
ing (2018) show that by ignoring the effects of imports and cor-
relations and taking the large population limit, then

EnE = ey+mw) _ € (6)
nPB-y—-un) uRe—1)

Given the simpler form of Eq. (6) compared to the original expres-

sion for £ given by Eq. (3), in remainder of the analysis we evaluate

o /(€' + o) as an approximation for the MVN correlation p.

This approximation is independent of the number of popula-
tions P. In short, this is due to the balance between two compet-
ing influences: the addition of an extra external coupling would
normally weaken the correlation between two connected popula-
tions, but the fact that this additional population is itself correlated
with the original populations nullifies this effect. In the Supple-
mentary Information, we make this argument explicit by adding a
third population (with variable coupling) to an interacting pair of
populations.

(4)

3.1.3. Numerical results

We first explore the effect of the number of subpopulations P
and coupling o on the equilibrium values of the first-order central
moments $* and [* and the second-order central moments C;; and

C: (Fig. 2(a)). We consider P=3,5,10 and o [0, 1/k], k=P -1,

and include P =2 for comparison. These results are obtained by
the numerical integration of the system of ODEs given in the Sup-
plementary Information, and so only introduce an error due to the
MVN moment closure approximation. For all values of P, all curves
show a sigmoidal pattern, with $* and C}; decreasing with the cou-
pling, and I* and f,’; increasing with the coupling. As the number
of populations P increases the magnitude of change in Cjj increases,
since reducing the within-population coupling (either by increas-
ing the between-population coupling o or increasing the number
of populations P) reduces the variance Cj;. However, the magnitude
of change in C,*, decreases, because as P increases, then the effect of
interaction between a subpopulation and its neighbour is damped
by the other P — 2 neighbours. In the previous section we noted
that our approximation for the correlation is independent of the
number of populations P: we also calculate the MVN correlation
C,*;/Cﬁ (Fig. 2(b)) and note that this also appears independent of
P. The correlation follows a sigmoidal relationship, increasing from
zero for very low coupling.

Next we compare the MVN correlation p (Eq. (2)) and our sim-
plified approximation o /(&' +0), & =0.0625 (Eq. (5)) to stochas-
tic simulations for P = 3, 5 subpopulations (Fig. 3). The close agree-
ment between p and the simulation results suggests that our use
of the MVN moment closure approximation is justified. There is
also little difference between the MVN correlation and our ap-
proximation (that is, A is small), so o /(§' + o) is a good approx-
imation for the correlation p. Therefore, we can relate the phe-
nomenological coupling parameter o to the correlation between
the number of infected individuals in any pair of populations for P
populations arranged on the complete network by p ~ o /(&' + o).

3.2. The tree network

3.2.1. Network definition and notation

Next, we consider infinitely many populations on a k-regular
tree network, where each subpopulation has k neighbours: a visu-
alisation of the k-regular tree network for k =2 and k = 4 neigh-
bours is given in Fig. 4. The coupling matrix % = (oj;) is defined
as

1-ko, fori=j
0ij =40, for i, j neighbours, i # j (7)
0, otherwise.

As with the complete network, all subpopulations in the
k-regular tree network are epidemiologically and topologically
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Fig. 2. The effect of the coupling o on (a) the key mean variables §*¢I_*,C,’; and

f,*, and (b) the correlation f,*,/C,’;, for P populations arranged on the complete network.

Parameter values represent a measles-like endemic disease in the UK (N =10°, # =5.5x 1075, Ry = 17, = 13 and € = 5.5 x 10~°). These values are calculated from the

system of ODEs given in the Supplementary Information.

identical, so the expected behaviour is the same within all sub-
populations. In addition, in a tree network, there is a unique path
between any pair of subpopulations, and so we can define the
distance d;; € N between subpopulations i and j to be the length
of the path between the subpopulations. For the notation for
within-population moments we can again drop dependency on the
subpopulation: X = E[X;] and Cxy = Cov(X;,Y;). For the between-
population moments, we only need to denote the distance d be-
tween the subpopulations: f)((‘f,) = Cov(X;,Y;),1+# j, where d;; =d.

3.2.1.1. Finite subgraph approximation of the k-regular tree network.
We cannot perform stochastic simulations of the infection pro-
cess on infinitely many subpopulations. In addition, we can use a
second-order moment closure approximation to derive a system of
ODEs that approximate the stochastic process on the network, but

this system comprises infinitely many equations: five equations for
the within-population moments, and infinitely many equations for
the between-population moments (3 for each d>1).

To overcome these problems, we consider a finite subgraph of
the k-regular tree network. We define the D-truncated k-regular
tree network to be the network of subpopulations distance less
than or equal to D from some arbitrarily chosen origin node; since
all subpopulations are identical and the k-regular tree network is
infinite, the choice of origin node is irrelevant. The total number of
subpopulations in the D-truncated k-regular tree network is

D-1

T=1+k) (k—1).

i=0

(8)

We can also write down a finite set of ODEs that approximate
the stochastic process on the D-truncated k-regular tree network.
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complete network, P = 3 complete network, P =5
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Fig. 3. Comparing analytic and numerical correlation between any pair of populations from P = 3, 5 populations arranged on the complete network. We compare the analytic
correlation p and our approximation o /(&' + o), &’ = 0.0625, to stochastic simulations for a measles-like endemic disease in the UK (N = 10°, u =5.5x 107>, Ry =17,y ! =
13 and € = 5.5 x 10-%). Each population is coupled to the k = P — 1 other populations. The between-population coupling is fixed as o [0, 1/k] and within-population coupling
is therefore 1 — ko. We generate 1000 realisations of the process for each value of o and calculate the correlation as a time-weighted Pearson correlation coefficient for
50 <t <200; error bars represent +2 standard deviations (capturing approximately 95% of all 1000 simulations), confidence intervals in the mean values are too small to be

plotted.

(a)

,_.
|
N
Q

C

(b)

w44 |

£

Fig. 4. The k-regular tree network for (a) k=2 and (b) k = 4 neighbours. The coupling between any pair of neighbouring populations is o €[0, 1/k] and so the within-

population coupling is 1 — ko
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Fig. 5. The effect of the number of neighbouring subpopulations k in the k-regular tree network on the correlation between the number of infected individuals in adjacent
populations, p; (left), and populations with a common neighbour, p, (right). Parameter values represent a measles-like endemic disease in the UK (N = 10°, u = 5.5 x
1073, Ry =17, € =5.5x 1073, y = 1/13). The MVN correlation is calculated on the D-truncated k-regular tree network for D = 50 from the system of ODEs given in the

Supplementary Information.

If D is sufficiently large, then we can make some further simpli-
fying assumptions. First, we can assume that CA)((‘:,) =0,Yd > D. Sec-
ondly, we can assume that the expected behaviour of the first- and
second-order central moments in the origin node, and between
the origin node and subpopulations at distance d < D will be the
same as in the full k-regular tree network. In the full k-regular tree
network we had that CA)((‘?() is the same for any pair of subpopu-
lations distance d apart: we continue to make this simplification
in the truncated network. Given these assumptions, and making a
second-order MVN moment closure approximation, the stochastic
process on the D-truncated k-regular tree network can be approx-
imated by a set of 5+ 3D equations: five equations for the within-
population moments and 3D equations for the between-population
moments. These can be found in the Supplementary Information.

3.2.2. Analytic results

We can derive analytic results for the full k-regular tree net-
work. We define the correlation between the number of infected
individuals in a pair of subpopulations distance d > 1 apart as

Pa = q(éd:*,
i
where pg = 1 and dh%rrolo pq = 0. We can show that pg  is the solution
to
__9 @
Pa = m(pd—l + (k=1)pgs1) — A, 9)
where
£= w (10)
BS*
and
AW = (BT + Ne) G (11)

KB —ko)S —N(y +p) G

We derive this result from the moment equation for CA,(,” at equi-
librium and dividing through by 2Cj;/N; full details of this deriva-
tion can be found in the Supplementary Information. Moreover, if
A « 1, Vd then p, is the solution to the recurrence relation

+ ko
o

(k= D)pass = K o~ pas. (12)

where pp =1 and lim,_, ., pg = 0. Since |pg4| <1 then the solution
is given by

(ko +& - /&2 1 2kEo + (k- 2)%02
Pa= 2(k—1)o

ko +& — \/azkz + (¢0 —40?)k+ 402 + £2
2(k-1)o

(13)

We note two things: firstly, since p; <1 then it is trivial that
pq— 0 as d— oo. Secondly, pg— 0 as k — occ.

3.2.3. Numerical results

We note that the MVN correlation and stochastic simulations
have to be performed on the D-truncated k-regular tree network,
as it is not possible to use the full k-regular tree network. If D
is sufficiently large, then these correlations will be approximately
the same as in the full k-regular tree network: we show that for
D sufficiently large then the correlation converges (Figure S2, Sup-
plementary Information).

We first numerically evaluate the effect of the number of neigh-
bouring subpopulations k and the distance d on the correlation py
(Fig. 5). As with the complete network, the correlation follows a
sigmoidal shape, increasing from zero correlation from very low
coupling. For fixed coupling o, as the number of neighbours k
increases then the correlation p,; decreases; similarly, for a fixed
number of neighbours k, as the distance d increases then the cor-
relation p, also decreases. This all agrees with expected behaviour
from Eq. (13).

Next, we compare our approximations to the results of stochas-
tic simulations for k = 2,4 (Fig. 6), where stochastic simulations
are performed on the D-truncated k-regular tree network and D =
5,3 for k = 2, 4, respectively. For all combinations of k and d there
is close agreement between the MVN correlation and stochastic
simulations, which justifies our use of the MVN moment closure
approximation; we can show that increasing D further does not
significantly change the correlations in the system (Supplementary
Information, Figure S2). There is also little difference between the
MVN correlation and our approximation (that is, A(!) is small) and
so approximating the MVN correlation by Eq. (13) is reasonable.
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(a)

1—20

(b)

Fig. 7. The star network on (a) P = 3 and (b) P = 5 populations. The coupling between any pair of neighbouring populations is ¢ € [0, 1/(P — 1)] and so the within-population

coupling is 1 — (P — 1)o for the hub population and 1 — o for any leaf population.

3.3. The star network

3.3.1. Network definition and notation

Finally, we consider the star network on P subpopulations,
where there is a central ‘hub’ subpopulation (labelled as subpop-
ulation 1) and k=P —1 ‘leaf populations; there is no direct in-
teraction between the leaf populations. A visualisation of the star
network for P =3 and P = 5 subpopulations is given in Fig. 7. The

coupling matrix X = (o) is defined as

1-ko, fori=j=1

g J1-0, fori=j#1

U7 Vo, fori=1,j#1andi#1,j=1
0, otherwise.

(14)

Unlike the complete network and the k-regular tree network,
the expected behaviour of the stochastic process is not the same
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within and between all subpopulations. This is because the hub
subpopulation has k neighbours, whereas each leaf subpopulation
has only one neighbour. However, we can still make some simpli-
fications to the notation: the expected behaviour of the infection
process is the same within any leaf subpopulation, or between any
pair of leaf subpopulations, or between a leaf subpopulation and
the hub subpopulation. We can therefore simplify our notation to
distinguish between hub and leaf subpopulations. For the within-
population moments, the superscript indicates whether the sub-
population is a hub (H) or a leaf (L) subpopulation:

Xn =E[X]

X, =E[X]. i=2,...P
Gy = cov(Xq, Y1)

Chy =cov(X.Y), i=2,....P.

For the between-population moments, the superscript indicates
whether one of the subpopulation is a hub (H) or if they are both
leaf subpopulations (L); for Csilj we distinguish between Cs, and

oy

Clly = cov(X;, X)), i=2,...,P

Chy =cov(X. X)), i.j=2.....Pi#]
Gy, = cov(Xp. ), i=2,....P.

Using the second-order moment closure approximation, the
stochastic process on the star network for P subpopulations can
be approximated by a set of seventeen ODEs: ten equations for the
within-population moments, and seven equations for the between-
population moments. These can be found in the Supplementary In-
formation. We use these equations in both the analytic and the
numerical results.

3.3.2. Analytic results

For P identical subpopulations on the star network, we define
the correlation between the number of infected individuals in the
hub population and the number of infected individuals in a leaf
population as

éH*
_ I
'OH - CH*CL* ’
Vit
and the correlation between the number of infected individuals in
two leaf subpopulations as

ALx
G
B

CII

We can show that py and p; are solution to the following pair of

simultaneous equations:
L
N G o
CH* S;
1l §H+I<U+$(§L+U)

Clix o
PH = I S
Gi §(§H+I<G)+EL+G

128

x(1—(k—1)p) + Ay (15)
_ |G o
pL= g Lo PHt AL (16)
where
_Noy+m -85
_Ny+w -85
& = 55 (18)

and
B(1 — ko)l + kBol: + Ne Cs,i,
H = = =
2N(y + ) = B(1 = ko)S;; = B(1 —0)S; | /CHClr
B(1 —0o)ii + Boly + Ne Coyiy
+ _ _ 19)
2N(y + ) = B(1 = ko)Sy; = B(1 —0)S; \/CH+Clr
1-o)l; Ir + Ne Ct
L_ﬂ( o)l; + Boly +Ne G 20)

Ny +w)-B1-0)5 G
We derive this result by taking the moment equation for C,’;’ and
CILI at equilibrium; full details of this derivation can be found in the

Supplementary Information. Moreover, if Ay, A; « 1 then we can
further simplify this result to the following pair of simultaneous

equations:
Hx L
oy~ G o . G o
L« S; Hx S;
G ¢ Gu+ko)+&+0 VG &y+ko+5(+0)

x (1= (k=1)pp) (21)

|G o 22
O ~ ‘)”.
' ChréL+o (22)

3.3.3. Numerical results

We first numerically evaluate the effect of the number of leaf
subpopulations k on the correlations py and p; (Fig. 8). Firstly,
we note that, as with the complete and tree network, both py
and p; exhibit a sigmoidal shape, increasing from zero correlation
from very low coupling. Secondly, the correlation between two leaf
nodes is lower than between the hub and a leaf node; this is to
be expected, as the leaf nodes are not directly connected to each
other. Finally for a given coupling o as the number of neighbours
k increases then the correlation decreases; this holds for both py
and p;.

Next, we compare the MVN correlation and our approximation
to the results of stochastic simulations (Fig. 9). Firstly, we observe
a close agreement between the MVN correlation and the stochastic
simulations, which suggests that our use of the MVN moment clo-
sure approximation is justified. Secondly, there is little difference
between the MVN correlation and our approximation (that is, Ay
and A are small), and so our approximation is reasonable.

3.4. Comparison of networks

We now compare our approximations to the correlation be-
tween the number of infected individuals in adjacent subpopula-
tions for all three networks (Fig. 10). All networks are chosen to
have the same k external connections: the complete network with
P =k + 1 populations, the k-regular tree network, and the star net-
work with P =k + 1 populations. We observe that the correlation
is highest in the complete network and lowest in the tree network.
Moreover, the difference between the approximations increases as
k increases.

We attribute this behaviour to the total number of neighbour
subpopulations that the two focal subpopulations have, how many
of those neighbours are common neighbours, and whether these
common neighbours interact. As the total number of neighbours
of each member of the focal pair increases then the correlation
decreases; for a given total number of neighbours the correlation is
higher when more of these neighbours are common between the
two focal subpopulations, and is higher yet when these common
neighbours also interact with each other.

For a given k, two focal subpopulations in the complete network
and the star network both have a total of k — 1 subpopulations. In
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the star network, none of these subpopulations are common neigh-
bours of the two focal subpopulations; however, in the complete
network, all these subpopulations are common neighbours and all
the common neighbours interact with each other, hence the corre-
lation in the star network is lower than in the complete network.
For the same k, two focal subpopulations in the k-regular tree net-
work have twice the total number of neighbours compared to the
star network and none of these neighbours are common neigh-
bours for either network. As a result, the correlation is lower in
the tree network than in the star network.

4. Discussion

A limitation of metapopulation models in epidemiological
modelling is now to infer the coupling between subpopulations:
existing models do not accurately describe human mobility in
developing countries, such as Sub-Saharan Africa, and sufficiently
detailed data on human mobility are often lacking. This work pro-
vides insight into the effect of coupling and metapopulation net-
work structure on endemic disease dynamics, and continues to de-
velop a method for inferring the coupling between subpopulations
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in metapopulation models using disease prevalence data. We
derive an approximation for the correlation p between the num-
ber of infected individuals in a given pair of subpopulations in
certain network structures as a function of the coupling parameter
o. This provides a one-to-one mapping between the observable
correlation p and the unknown coupling o.

Our results extend the analysis of Meakin and Keel-
ing (2018) from a simple two-population system to multiple
populations arranged on a complete network, a k-regular tree net-
work and a star network. Although we consider highly symmetric
metapopulation networks, increased network complexity signif-
icantly reduces the analytic tractability of the model, compared
to the two-population system. An alternative analytic relationship
between the coupling and correlation has previously been derived
for more general networks (Rozhnova et al., 2012); however, we
believe that our results provide greater intuition and analytical
traction.

In addition, these results improve our understanding of how
metapopulation network structure affects endemic disease dy-
namics in the metapopulation as a whole, complementing exist-
ing research on epidemic diseases in metapopulation networks
(Barthélemy et al., 2010; Lahodny and Allen, 2013; Wang and Wu,
2018; Yan et al.,, 2018). We find that network distance between
subpopulations and network structure are key drivers of the cor-
relation, although, surprisingly, in the complete network the cor-
relation between any pair of subpopulations is independent of the
total number of subpopulations. We hypothesise that the correla-
tion between two given subpopulations is driven by the number
of neighbour subpopulations they both have, how many of these
neighbours are shared between both subpopulations, and interac-
tions between the neighbours.

We propose that disease prevalence data could be used to infer
the underlying coupling from observed correlations between sub-
populations in a metapopulation model. Our results provide insight
into the effect of metapopulation network structure on endemic
disease dynamics, but further work is required before it may be
implemented in a real world setting. It would be useful to extend
the results presented here to more realistic models of infectious
disease dynamics, such as to include additional compartments or
a seasonal component. This analysis could then be used to under-
stand how the proposed method is affected by other mechanisms
that contribute to temporally resolved correlation. The simple net-
work structures we consider here do not fully capture the ob-
served characteristics of real-world spatial networks, such as het-
erogeneous population size, degree or edge weight (Guimera et al.,
2005; Colizza et al., 2006). A natural extension of the our cur-
rent results is to allow heterogeneity in the epidemic parameters
or metapopulation network structure, although we have previously
showed that heterogeneous population sizes significantly impact
the tractability of the results (Meakin and Keeling, 2018). In this
case, a simulation-based study may be useful to determine how

the correlation between two focal subpopulations is affected by
their neighbours, their neighbours’ neighbours and possible inter-
actions between neighbours. This will allow us to elucidate which
are the most important drivers of network correlations and overall
endemic disease dynamics. There are additional practical questions
that should be considered before it may be applied in a real world
setting, such as: how much disease incidence data must be ob-
served before accurate estimates of the correlation, and hence cou-
pling, can be made; and whether the full metapopulation network
structure needs to be known, as in reality this is typically not the
case. These extensions will move the results outlined here further
towards a method for inferring coupling from correlations between
subpopulations, thus addressing a key challenge of metapopulation
modelling.

5. Conclusion

A limitation of metapopulation models in epidemiological mod-
elling is how to infer the coupling between subpopulations. In
this paper we relate the correlation between the number of in-
fected individuals in two populations as a function of the cou-
pling, considering systems of multiple identical interacting popula-
tions on highly-symmetric complex networks. Our results provide
insight into the effect of metapopulation network structure on en-
demic disease dynamics and provides the next step in developing
a method for inferring coupling between subpopulations using dis-
ease prevalence data.
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