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Supplementary Methods

1 Variance component models

We consider a general partitioning of a quantitative phenotype Y (either reading
or mathematics ability in our study) into five components Y = A+D+I+C+E,
where A, D and I correspond to additive, dominance and interaction genetic
effects over the whole genome and C and E are shared and individual environ-
mental effects, respectively. We assume that these components are defined to
be uncorrelated with each other and thus the phenotypic variance is also parti-
tioned into five components VY = VA+VD+VI +VC +VE (see e.g. [15] p.85-87,
[22]). We apply two models, a twin model and a population level model, to es-
timate some of these variance components (VA, VC and VE) together with some
of their covariances across reading and mathematics ability.

1.1 Bivariate twin analysis

We consider the traditional ACE twin model which makes a strong assumption
that dominance and interaction effects are zero (D = I = 0). Under this model,
twins reared together resemble each other only due to the additive effects of
shared genetic variants (A) and shared environmental factors (C). In particular,
the ACE twin model assumes that the environmental correlations are similar
for both MZ and DZ pairs.

To extend the twin model to a bivariate phenotype we introduce three pa-
rameters ρA, ρC and ρE to describe the correlation between additive genetic,
shared environmental and individual environmental effects between reading and
mathematics abilities. More precisely, the bivariate twin model states that the
joint distribution of reading (Y R) and mathematics (Y M) is a sum of three
components (A, C and E) that follow normal distributions with zero mean and
block-wise correlation structures corresponding to families. For the additive ge-
netic component A, the 4× 4 block of the covariance matrix corresponding to a
family is
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where V R
A and V M

A are the additive genetic variance of reading and mathemat-

ics, repectively, and SA =
�

V R
A V M

A . The subscripts 1 and 2 index the two

individuals of the twin pair.

For the environmental effects, the family-wise covariance matrices are
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where V R
C and V M

C are the variance of the shared environmental effects, V R
E and

V M
E are the variance of the individual environmental effects (for reading (R) and

mathematics (M)) and SC =
�
V R
C V M

C and SE =
�
V R
E V M

E .

We estimated the variance parameters (V R
A , V M

A , V R
C , V M

C , V R
E , V M

E ) and the

correlations (ρA, ρC , ρE) using maximum likelihood method as implemented in

the OpenMx R package (v.1.3.2) [12]. For example, for reading, this allows us

to estimate the narrow-sense heritability V R
A /V R, proportions of shared envi-

ronmental variance, V R
C /V R, and individual environmental variance V R

E /V R,

where V R = V R
A + V R

C + V R
E (and similarly for mathematics).
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1.2 Bivariate population level analysis

As opposed to the twin model, the population level model considers unrelated
individuals (or more precisely, only very distantly related individuals). For
univariate phenotype, this model was introduced by [19] and further explained
by [18] and [21]. The bivariate extension was recently considered by [13] and
[14].

This model decomposes the variance into an additive genetic component
(G) that is due to the available panel of SNPs, and the residual component that
includes the previously defined D, I, C and E components together with the part
of the additive component A that is not captured by G. Thus the model can
be used for estimating a lower bound for the additive genetic variance for both
phenotypes (V R

A , V M
A ) and the correlation (ρA) between the additive genetic

components of the two phenotypes.

1.2.1 Univariate linear model

To describe the model for a univariate phenotype, let xij be the standardised
genotype of individual i at SNP j, that is, xij = (gij−2pj)/

�
2pj(1− pj), where

gij is the minor allele count (0,1 or 2) that i carries at locus j and pj is the
sample average of those allele counts. The linear model assumes that

yi = µi +
�

j

xijβj + εi, (1)

where βj is the effect of the SNP j, εi is the error term for individual i and
the sum is over all the SNPs. The term µi describes the expected phenotype
of individual i after all the non-genetic covariates (such as age, sex and cohort)
have been taken into account.

Following [19], we assume that βj ∼ N (0, Vg) for each SNP j and εi ∼
N (0, Vε) for each individual i. Then the additive genetic variance due to the
SNPs,

VG = Var




�

j

β2
j



 = LVg,

can be estimated by a linear mixed model formulation of the model (1) [19, 21]:

Y = µ+G+ ε, (2)

where ε ∼ N (0, VεI) and G ∼ N (0, VGR) with the element Rik of the matrix
R being

Rik =
1

L

�

j

xijxkj =
1

L

�

j

(gij − 2pj)(gkj − 2pj)

2pj(1− pj)
.

Note that since the variance of the effect size distribution, Vg, is the same for
all standardised SNPs, it follows that the variance of the effect size distribution
for an allele at SNP j, Vg/(2pj(1− pj)), grows as the minor allele frequency pj
decreases. Thus, this models assumes larger per allele effect sizes at rarer SNPs
than at common SNPs.
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1.2.2 Bivariate linear model

We follow the extension of the linear model to the bivariate case of reading and

mathematics phenotypes given by [13]. This corresponds to an instance of the

model (2) where

Y =



 YR

YM



 , µ =



 µR

µM



 , G ∼ N (0,ΣG), and ε ∼ N (0,Σε),

where

ΣG =




V R
G R ρG

�
V R
G V M

G R

ρG
�
V R
G V M

G R V M
G R



 and

Σε =




V R
ε I ρε

�
V R
ε V M

ε I

ρε
�

V R
ε V M

ε I V M
ε I





are expressed by n× n blocks, where n is the number of individuals.

From this model, an estimate of VG gives a lower bound for the additive

genetic variance VA and thus can be used to estimate a lower bound for the

(narrow-sense) heritability. The parameter ρG can be interpreted either as the

correlation of the additive genetic components (ρA) or as the correlation in the

genetic effects between the phenotypes ρG = cor(βR
j ,β

M
j ). The parameter ρε is

the correlation in the error terms between the phenotypes.

1.2.3 Analysis

We analysed this model by using our own implementation as well as by applying

publicly available GCTA software v.1.0 [20].

Our implementation. We parameterise the model by six quantities: the

phenotypic variances V R
and V M

, the (lower bounds of narrow-sense) heritabil-

ities V R
G and V M

G and the correlations ρG and ρε. (Note that our notation uses

genetic variances and heritabilities interchangeably, which is technically correct

when the total variance of the phenotype is 1.) We formulate the analysis in

the Bayesian framework, and adopt uniform prior distributions for V R
G and V M

G
(on the interval [0, 1]) and for ρG and ρε (on the interval [−1, 1]). Since there

was very little uncertainty about the total variances V R
and V M

, we have kept

them fixed to their ML-estimates during the analyses reported in this study.

Note that since we are using uniform distributions as priors, our posterior

distribution is proportional to the likelihood function, and thus this Bayesian

analysis also corresponds to a likelihood analysis.

An implementation of a standard random walk Metropolis-Hastings algo-

rithm (see, e.g., [16]) was possible through a representation of the likelihood

function whose computational complexity is linear in the number of individuals.
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This is an extension of the likelihood computation described by [17] to the case
of bivariate phenotype.

A main motivation for carrying out a sampling based exploration of the
posterior instead of a simpler search of the maximum was the interest in the
actual shape of the distribution. Thus, we do not need to make normality as-
sumptions when inferring credible intervals for the parameters. The results for
the univariate (Supplementary Figure 3) and the bivariate marginal posteri-
ors (Supplementary Figure 4) were computed on the data set described in the
main text: 2,221 individuals, 686,458 directly genotyped high quality autosomal
SNPs, with phenotypes that were adjusted by regressing out the effects of sex
and ten leading principal components of population structure.

As there is large uncertainty about the value of ρG (point estimate 0.74, 95%
credible interval 0.32 - 1.00), it is of interest to do model comparison between
the full model and the null model where ρG = 0. The Bayes factor (BF) for
this model comparison is 12 in favor of the full model. We assessed frequentist
properties of this model comparison in two ways. First, we permuted the bivari-
ate phenotypes with respect to the genotype data. This procedure maintains
the correlation between the phenotypes, but removes the heritabilities of the
phenotypes, and thus also removes any information about the genetic correla-
tion parameter ρG. Second, we generated phenotypes for the observed genotype
data (summarised by the R matrix) with parameter values V R = V M = 1,
V R
G = 0.3, V M

G = 0.5, ρG = 0 and ρε = 1.0. The variance parameters were
chosen to mimic the observed data and the correlation parameters determined
that the correlation between the two phenotypes was 0.60 (as in the observed
data), but that none of this correlation was genetic. We then computed the
Bayes factors between the full and the null models for 1,000 repetitions of both
of these procedures (Supplementary Figure 5). Note that the simulated data
provides more information about ρG than permuted data, because the former
contains a genetic component of the variance whereas the latter lacks it. There-
fore the Bayes factor tends to favor the null model more strongly in simulated
data than in permuted data, as demonstrated by on average smaller values of
BF in simulated data. We conclude that the p-value (probability of getting BF
at least as large as the observed one when the null model holds) is less than 0.02
in both cases.

GCTA software. We applied the publicly avilable GCTA software package
(v.1.0) 1 [20] to get REML estimates of the variance and correlation parame-
ters. This analysis was done without adjustment for principal components of
population structure and used a larger panel of 1.7 million imputed SNPs. The
estimated values are 0.27 (se 0.123) for V R

G , 0.48 (se 0.126) for V M
G and 0.71 (se

0.148) for ρG. Thus, in practice, the results are the same to our own implemen-
tation described above.

Proportion of shared variants. In the main text we state that at least
around a half of the genetic basis to reading and mathematics ability is due to
shared molecular mechanisms (so-called generalist genes). To explain this, let us

1http://www.complextraitgenomics.com/software/gcta/
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assume that there are S shared variants that affect both traits and TR and TM
variants that affect only reading or mathematics ability, respectively. We further
assume that the effect sizes for all these variants follow the normal distribution
with zero mean and variance V R

g (in reading) or V M
g (in mathematics), and

that for each shared variant j, cor(βR
j ,β

M
j ) = ρS . The covariance between the

genetic components is

Cov(GR
i , G

M
i ) = SρS

�
V R

g V M
g

and the genetic variances are V R
G = (S + TR)V R

g and V M
G = (S + TM)V M

g . It
follows that the genetic correlation is

ρG =
SρS√

S + TR
√
S + TM

=
ρS�

1 + TR/S
�
1 + TM/S

.

Thus the proportion of the shared variants among all variants affecting reading
(and similarly for mathmetics) is

S

S + TR
= (1 + TM/S)

�
ρG
ρS

�2

≥ ρ2G.

By plugging in the point estimates of 0.74 (population level analysis) and 0.64
(twin analysis) for ρG we get lower bounds of 0.55 and 0.41 for the proportion of
shared variants for the traits. We note that if we further assume that TR = TM,
that is, both traits are controlled by a similar number of variants, then the lower
bound raises from ρ2G to ρG which leads to bounding the proportion of shared
variants from below by 0.74 and 0.64 for population level and twin analysis,
respectively.

Decomposing correlation. In the main text we state that at least around
a half of the observed correlation in reading and mathematics abilities is due to
underlying genetics. To explain this, we write for the population level model

Cor(Y R
i , Y M

i ) =
Cov(GR

i + εR
i , G

M
i + εM

i )√
V RV M

=
Cov(GR

i , G
M
i ) + Cov(εR

i , ε
M
i )√

V RV M

=
Cov(GR

i , G
M
i )√

V RV M
+

Cov(εR
i , ε

M
i )√

V RV M

= ρG

�
V R
G

V R
V M
G

V M + ρε

�
V R
ε

V R
V M
ε

V M ,

where the first term is the genetic contribution to the correlation and the second
term is the contribution of the error terms. Using the population level point
estimates of the parameters we have that the genetic contribution to the corre-
lation is 0.28 = 0.74

√
0.27× 0.52 and the error part is 0.32 = 0.54

√
0.73× 0.48.

Thus the proportion of the observed correlation that is due to (additive) ge-
netics (tagged by available SNPs) is 0.47 = 0.28/0.60. By applying the same
formula to the twin analysis, the corresponding quantity is 0.62 = 0.37/0.60.
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